By introducing a compactness lemma and considering a constrained variational problem, we obtain a set G R 2 of steady waves for Hasegawa-Mima equation, which describes the motion of drift waves in plasma. Moreover, we prove that G R 2 is a stable set for the initial value problem of the equation, in the sense that a solution ψ t which starts near G R 2 will remain near it for all time.
Introduction
It is commonly believed that drift waves and drift-wave turbulence play a major role in the understanding of anomalous transport at the plasma edge of a tokamak fusion reactor. Onefield equation describing the electrostatic potential fluctuations in this regime is Hasegawa There are many works about analytical mathematical study for 1.1 ; see, for example, 2, 3 and references therein. In 2 , Grauer proved that the energy for a perturbed HasegawaMima equation saturates at a finite level, which was observed by numerical simulations. Guo and Han in 3 studied the global well-posedness of Cauchy problem for 1.1 . One of their results is that the solution ψ t of 1.1 with ψ 0 ∈ W 2,2 R 2 ∩ W 2,∞ R 2 exists globally and is 2 Boundary Value Problems unique. However, the global well-posedness of 1.1 with ψ 0 ∈ W 2,q R 2 is still not attacked, where W 2,q R 2 is the usual Sobolev space with norm · 2,q and 1 < q < 2. A natural problem is whether the solution of 1.1 with the initial data ψ 0 is close to a steady wave ψ 0 for all time or not, if ψ 0 is sufficiently close to ψ 0 in W 2,q R 2 . The problem is concerned with the existence and stability of steady waves of 1.1 .
Here, we are interested in studying the above problem. ψ 0 is a steady wave for 1.1 if and only if there exists some function f such that ψ 0 f Δψ 0 − ψ 0 . In order to prove the existence and nonlinear stability of steady waves for 1.1 , we consider the existence and property of critical points of the so-called energy-Casimir functional:
where
are two conserved quantities of 1.1 , called the total energy and the generalized enstrophy, respectively. Here R 2 · dx dy is denoted by R 2 ·, and F is an arbitrary C 1 function. The critical points ψ 0 of I R 2 are steady waves of 1.1 , given by ψ 0 f Δψ 0 − ψ 0 , where f F .
A usual approach to prove the existence of stable critical points of I R 2 is to find extremum points of it, which is the well-known Liapunov method. If ψ 0 is a global or local extremum point of I R 2 in an appropriate defined function space X, then it follows that ψ 0 is a steady nonlinearly stable solutions of 1.1 ; see, for example, 4 . There are two examples for F such that I R 2 have a global extremum. One is F satisfying that F x ≥ 0 for any x ∈ R and there exists ψ 0 such that ψ 0 F Δψ 0 − ψ 0 . In this case,
which implies that ψ 0 is a global minimizer of I R 2 . Therefore, the steady wave ψ 0 is nonlinearly stable in the following sense: for any ε > 0, there exists δ > 0 such that if ψ 0 − ψ 0 X < δ and ψ t ∈ C 0, T , X is a solution of 1.1 with initial data ψ 0 , then for any t ∈ 0, T , ψ t − ψ 0 1 < ε, where · 1 is the norm of H 1 R 2 and T > 0. The other example is F, which has the properties: F x ≤ −c for large enough c > 0 and there exists ψ 0 such that F Δψ 0 − ψ 0 ψ 0 . In this example,
where c > 0. So ψ 0 is a global maximizer of the functional I R 2 and nonlinearly stable in the above sense.
However, for some F, all critical points of I R 2 are neither global nor local extremum points of I R 2 . Among them, some critical points are saddle points regarded as an unstable equilibria or transient excited state of 1.1 . In the present paper, we consider the existence and stability defined later of saddle points of I R 2 for F x − 1/q |x| q , where q p/ p − 1 , 2 < p < ∞, and x ∈ R. Since F x < 0 and there does not exist a positive constant c > 0 such that F x < −c for any x / 0, F is not within the range of the above two examples. As shown in Proposition A.1 Proposition A.1, Definition A.2, Proposition A.3, and Remark A.4 are given in the appendix , the functional 1.2 is neither bounded from above nor from below in W 2,q R 2 , that is, it is impossible to prove the existence of critical points by finding global extremum points of I R 2 . However, through studying the constrained variational problem
we obtain the existence of critical points of 1. 
and let G R 2 be the set of steady waves of 1.1 corresponding to minimizers of M R 2 , that is,
As is presented in Remark A.4, G R 2 is the set of all ground states of the functional I R 2 .
Although the elements of G R 2 are saddle points of I R 2 regarded as an unstable state of 1.1 , we prove that G R 2 is a stable set in the sense of Definition 1.1, that is, a solution ψ t of 1.1 which starts near G R 2 will remain near it for all time.
Definition 1.1. Let E be a function space with norm · E , and
One gives some explanations for the above definition as follows. If G has only one element ψ 0 , then the steady wave ψ 0 is nonlinearly stable in the usual sense. But, in general, the elements of G might not be unique. For example, as shown in Theorem 1.3,
In this case, if ψ 0 is sufficiently close to G R 2 , then, for any t > 0, the form of ψ t is almost similar to that of M
ψ 0 . Now one turns to describe his two main results.
In particular, the minimization problem M R 2 has a minimizer ψ 0 . 
The important step to obtain Theorems 1.2 and 1.3 is to prove that the infimum is achieved. If { ψ m } is a minimizing sequence of M R 2 , then
Going if necessary to a subsequence, we may assume ψ m → ψ 0 weakly in W 2,q R 2 , so that
is not compact, we cannot derive ψ 0 1 1 from ψ m 1 1 and ψ m → ψ 0 weakly in W 2,q R 2 . Therefore, we cannot directly derive the existence of minimizer from any minimizing sequence. However, if we obtain the result that for any minimizing sequence { ψ m } there exist
which is the first part of Theorem 1.2, then we prove that the infimum is achieved. In order to prove Theorem 1.2, we construct Lemma 2.1, which is used to study the behavior at infinity of the minimizing sequence { ψ m } and to overcome the loss of compactness of M R 2 . Theorem 1.2 is proved by two steps. Firstly, using Lemma 2.4, we prove that for any minimizing sequence { ψ m }, there exist a subsequence { ψ m k } and
Here α ∞ is a quantity related to { ψ m k · y m k } defined in Lemma 2.1. Secondly, according to Lemmas 2.1 and 2.3 based on Ekeland Principle, we know that if α ∞ > 0, then α ∞ ≥ 1. Therefore, putting together the results of the above steps, we obtain α ∞ 0, which implies that there exists a sequence y m k ⊂ R 2 such that the sequence { ψ m k · y m k } is convergent in W 2,q R 2 . Applying Theorem 1.2, we prove that G R 2 is a stable set with respect to 1.1 , which is the first part of Theorem 1.3. The second part about the structure of G R 2 is obtained by studying the properties of the elliptic equation satisfied by M 1/ 2−q R 2 ψ 0 . Our method in proving the existence and stability of steady waves for 1.1 is different from that in 5 . In 5 , Albert considered constrained variational problems with concentration-compactness Lemma introduced by Lions 6, 7 and proved the existence and stability of solitary waves to Kdv equation and some nonlocal equations.
The paper is organized as follows. In Section 2, we establish three lemmas for proving Theorem 1.2. In Section 3, we give the proofs of Theorems 1.2 and 1.3. In Section 4, we consider the existence and stability of steady waves for Hasegawa-Mima equation in general periodic domains and give the application of Lemmas 2. 
2.1
Then one has 
2.2
Since the imbedding W 2,q Ω∩B R → H 1 Ω∩B R is compact and ψ m → ψ weakly in W 
2.4
Letting R → ∞ in the above formula, we obtain 1 .
ii Using the weakly lower semicontinuity of a norm, we have lim inf
Applying 2.5 , we have lim sup
2.6
Letting R → ∞ in 2.6 , we deduce 2 .
iii Applying elementary inequalities, we can prove that the norm
and 0 ≤ ϕ R x ≤ 1 on R 2 . It follows from the definition of M Ω and the convexity of the function g x |x| q x ∈ R that 
With the definitions of α ∞ , β ∞ ,
2.11
We derive from 2.8 -2.11
Since ε is arbitrary, we have
Remark 2.2. In 8 , Huang and Li have used a concentration-compactness principle at infinity, similar to Lemma 2.1, to study the existence of positive solutions for some quasilinear equations on unbounded domains in R N . In the following, we give Lemma 2.3, which is used to find a Palais-Smale sequence { ψ 1 m } of I R 2 through the minimizing sequence { ψ m } for M R 2 . Firstly, we give some notations. Let
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By the definition of Fréchet derivative, it is easy to verify that
Ω \ {0}, R and
where ψ, ψ, h ∈ W 2,q 0 
2.17
Proof. Using the definitions of M Ω and J Ω , we have
Applying the Ekeland Variational Principle cf. 9, page 51 to 2.18 , we get a Palais-Smale sequence { ψ 1 m }, which satisfies
2.19
Boundary Value Problems 9
Then, according to the definitions of I Ω and ψ m , for any h ∈ W 2,q 0 Ω , we get
2.20
Since 2.20 implies
it follows that
where ϕ R is the function defined in the proof of Lemma 2.1. With the definition of I Ω , we have
2.23
Using 2.22 , and letting R → ∞ after m → ∞ in 2.23 , we obtain
At last, we give another lemma for proving Theorem 1.2. 
2.28
According to the assumptions of Lemma 2.4 and the above two inequalities, ψ m → 0 in
Proof of Theorems 1.2 and 1.3
Now we turn to prove our main results. 3.5
In order to prove Theorem 1.2, we have to show α ∞ 0. Since ψ 0 / 0 in W 2,q R 2 implies 0 ≤ α ∞ < 1, arguing by contradiction, we assume 0 < α ∞ < 1. Using Lemmas 2.1 and 2.3, we have
Since Sobolev Theorem implies M R 2 > 0, we derive from 3.6 α ∞ ≥ 1, which contradicts the assumption that 0 < α ∞ < 1. Proof of Theorem 1.3. We divide the proof into two steps.
Step 1. We prove that G R 2 is a stable set. Assume that the ground state set G R 2 is not W 2,q R 2 -stable. Then there exist ε 0 > 0, ψ 
